This work investigates the motion of neutrally-buoyant, slightly deformable straight and curved prolate capsules in unbounded simple shear flow at zero Reynolds number using direct simulations.
I. INTRODUCTION
A healthy human red blood cell (RBC) is a fluid-filled biconcave discoid with an incompressible membrane comprised of a fluid lipid bilayer tethered to an elastic spectrin network [1] . In the past decades, experimental and computational studies have revealed a rich spectrum of dynamical modes for RBCs in shear flow over a vast domain of parameter space in terms of membrane mechanics of RBC and flow conditions [2] [3] [4] [5] [6] [7] [8] [9] [10] . In pathological cases where normal blood flow is altered, the dynamics of diseased RBCs can be very different from those of healthy ones because of differences in cell properties. In sickle cell disease (SCD), for example, the intracellular polymerization of sickle hemoglobin (HbS) leads to an abnormality in the shape of individual sickle RBCs, but a large variation in cell morphology has been revealed within the population of sample cells. Byun et al. [11] classified the sickle RBCs into echinocytes, discocyte, and the typical crescent-shaped irreversibly sickled cells (ISCs) based on their morphological features. In addition, a general decrease in deformability of sickle RBCs compared to that of normal RBCs has been determined using various techniques for the characterization of cell membrane mechanics; the extent of membrane stiffening varies greatly depending on the states and conditions of individual sickle RBCs [11] [12] [13] [14] . The decrease in membrane deformability for non-ISCs (namely, all sickle RBCs other than ISCs [15] ) is found to be slight under oxygenated conditions [13] , but substantial upon deoxygenation [12] , while ISCs exhibit much lower deformability than non-ISCs in both states [12] [13] [14] . All these variations for individual sickle RBCs mentioned above pose challenges to understanding the dynamics of sickle RBCs in flow using computational approaches. In this paper, we perform a systematic investigation of the dynamics of single stiff, fluid-filled curved prolate capsules as a model for the typical crescent-shaped sickle RBCs in the microcirculation, and show the effects of initial orientation, membrane deformability and curvature of the capsules on their dynamical motions.
The model we propose for sickle RBCs in this work derives from spheroidal capsules, the dynamics of which have been of broad interest. The motion of isolated neutrally buoyant rigid spheroidal particles in simple shear flow at zero Reynolds number can be described by trajectories known as Jeffery orbits [16] . During flow the center-of-mass position of the spheroid remains on its initial streamline with no drift in any direction, while its major axis of symmetry traces out a closed periodic orbit depending on its initial orientation. Each orbit corresponds to a specific non-negative orbit constant C, so the quantity
is bounded by zero and one. When C = C b = 0, the particle rolls with its major axis aligned with the vorticity direction, while C b = 1(C = ∞) corresponds to a pure tumbling motion in the shear plane. For any intermediate value of C b , the major axis of the particle undergoes a so-called kayaking motion. Bretherton [17] later showed that Jeffery's solution can be applied to describe the dynamics of any axisymmetric rigid body with fore-aft symmetry. Generalizing Jeffery's work, Hinch and Leal [18] derived the equations for the motion of general (non-axisymmetric) ellipsoids in simple shear flow at low Reynolds numbers in terms of Euler angles, and found that the motion of a triaxial ellipsoid with comparable axes follows a doubly periodic pattern. Yarin et al. [19] numerically determined a chaotic behavior for triaxial ellipsoids with one axis significantly longer than the other two, and proposed an analytical theory to explain the onset of this chaotic motion. Attempts have also been made to examine the behaviors of spheroidal capsules when the assumptions on which Jeffery's theory was based are not strictly satisfied. Dupont et al. [20] and Cordasco and Bagchi [21] recently explored the effects of membrane deformability on the dynamics of fluid-filled spheroidal capsules. Through a stability investigation, Dupont et al. [20] showed that regardless of the initial orientation, the dynamics of prolate spheroids in Stokes flow converge towards rolling (with the membrane tank-treading), wobbling, and oscillatingswinging regimes, respectively, as deformability increases. The model for the membrane mechanics in this work describes shear elasticity and area dilatation while neglecting bending elasticity. Cordasco and Bagchi [21] performed simulations over a range of parameters for spheroidal capsules using a membrane model that incorporates shear elasticity, area dilatation and bending rigidity, and observed that unlike rigid ellipsoids in Stokes flow, capsules undergo various motions such as precessing and kayaking depending on the initial shape, deformability, and the ratio of the internal to external fluid viscosity. In addition, Mao and Alexeev [22] examined the effects of fluid inertia and particle inertia on the dynamics of single prolate and oblate spheroids at low and moderate Reynolds number using simulations, and revealed that the motion of a single spheroid is dependent on the particle Reynolds number, aspect ratio, initial orientation and the Stokes number [23] .
Other studies have also focused on slender particles such as curved fibers and revealed more complex behaviors. Wang et al. [24] simulated the motion of isolated, rigid, neutrallybuoyant, non-Brownian, slightly curved fibers in simple shear flow at low Reynolds numbers.
They revealed that for some initial orientations the fibers drift in the gradient direction resulting from the combined effects of the so-called "flipping, scooping, and spinning" motions, and the drift rate strongly depends on the initial orientation, aspect ratio, and curvature of the fibers. Crowdy [25] derived a dynamical system governing the motion of a curved rigid two-dimensional circular-arc fiber in simple shear, and the analytical solutions of this dynamical system display the "flipping" and "scooping" motions observed in [24] . Another example of recent works on objects with complex dynamics is that of Dutta and Graham [26] . They investigated the dynamics in shear flow of inertialess Miura-patterned foldable sheets containing predefined crease lines, and found a rich spectrum of quasi-periodic or periodic motions depending on the initial configuration of the sheet.
In this paper, we investigate the dynamics of single straight and curved prolate capsules in unbounded simple shear flow at zero Reynolds number and discuss the effects of initial orientation, membrane deformability, and degree of curvature on their dynamics. The rest of the paper is organized as follows: in Section II we present the model for sickle RBCs and the numerical algorithm employed to obtain the fluid field; in Section III we first provide a validation of our numerical simulation, followed by detailed results and discussion on the dynamics of single straight and curved prolate capsules; lastly, concluding remarks are presented in Section IV.
II. MODEL FORMULATION A. Model and discretization
We consider an isolated neutrally-buoyant fluid-filled deformable capsule with a straight equation for this transformation is given by
where x s and x p are the positions of a point on the membrane of the original spherical capsule and the mapped point on the membrane of the resulting prolate spheroidal capsule with a polar radius c and an equatorial radius a (aspect ratio r p = c/a). The resulting prolate spheroidal capsule is assumed to align with the x axis. To generate a curved capsule, we then impose a quadratic unidirectional displacement of membrane points perpendicular to the polar axis of the prolate spheroidal capsule (here in the y direction),
where x pl and x pr are the positions of the two ends (left-and right-most membrane points)
of the prolate spheroid, and
3 ) is the position of a membrane point of the resulting curved prolate capsule mapped with the membrane point of the prolate spheroid
; k has units of inverse length, which can be nondimensionalized by c to define the degree of curvature K = kc.
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To describe the behavior of the capsule membrane in response to the in-plane shear elastic force, a membrane model by Skalak et al. [27] is utilized, in which the strain energy density W is given by
where G is the in-plane shear modulus of the membrane, and C a is a material property that characterizes the energy penalty for area change of the membrane; the strain invariants I 1 and I 2 are functions of the principal stretch ratios λ 1 and λ 2 , defined as
Note that this model predicts a strain hardening behavior of the membrane, consistent with the experimentally determined response of an RBC membrane to stretching [10, 28] . The deformability of the capsule is characterized by the nondimensional capillary number Ca = ηγc/G, where c again is half-length of the straight or curved prolate capsule. In this work the capsules are taken to be stiff in accordance with the biomechanical properties of the membrane of a sickle RBC, with Ca lower than 0.2 assuming the shear rateγ of blood flow in the microcirculation ∼ 10 − 10 3 s −1 [29] , the characteristic length c of a typical sickle
, the viscosity of plasma η ∼ 1.71 mPa s [30] , and the in-plane shear modulus of a sickle RBC membrane G ∼ 29.8 µN/m [11] . The bending modulus of the capsule K B is expressed nondimensionally byκ B = K B /c 2 G, which is O(10 −4 − 10 −2 ) in the physiological context [31, 32] ; here we setκ B = 0.04 for all capsules. In this work, the natural (spontaneous) shapes for shear and bending elasticities of the capsule membrane are both chosen to be the same as its rest shape, so that any in-plane or out-of-plane deformation would lead to an increase in the membrane energy and an elastic restoring force. The capsule membrane is discretized into 320 piecewise flat triangular elements, resulting in 162 nodes. We have verified that increasing the number of nodes makes no difference to the cell dynamics. Based on this discretization, the calculation of the membrane force density follows the work of Kumar and Graham [33] and Sinha and Graham [10] using approaches given by Charrier et al. [34] for the in-plane shear force density and Meyer et al. [35] for the out-of-plane bending force density, respectively.
The orientation of a curved capsule is defined by the normalized end-to-end vector p and the unit normal vector n, as illustrated in FIG. 1. In this work, initial conditions are chosen so that p is initially in the x-z plane, and the initial angle between p and the x axis is denoted as α. The initial angle between n and its projection n onto the x-z plane is β (note that n ⊥ p). Thus the initial orientation of the capsule is given by α and β. For example, (α, β) = (0,π/2) means that the capsule is initially in the x-y plane with p aligned with the x axis and n with the y axis. If the capsule is not curved, then β is irrelevant to its orientation and dynamics.
B. Fluid motion
As noted in Section II A, the characteristic shear rateγ of blood flow in the microcirculation is ∼ 10 − 10 3 s −1 [29] , the length scale c of a typical sickle RBC ∼ 5 − 6 µm
, the viscosity of plasma η ∼ 1.71 mPa s [30] , and its density ρ ∼ 10 3 kg/m 3 . The magnitude of the particle Reynolds number Re p = ργc 2 /η obtained using these parameters
, which is assumed to be sufficiently small so that the fluid motion is governed by the Stokes equation. To determine the velocity field at each time instant, we employ a boundary integral method [33, 36] for simulation in unbounded simple shear flow.
Once the flow field is obtained, the positions of the element nodes on the discretized capsule membrane are advanced using a second-order Adams-Bashforth method with time step ∆t = 0.02Cal, where l is the minimum node-to-node distance. In this work, the midpoint of the p vector of the capsule is initially placed at the origin of the unbounded domain.
III. RESULTS AND DISCUSSION

A. Model validation
To validate our model, we compare the numerically determined inclination profile for a stiff prolate spheroid (Ca = 0.06) with the prediction by Jeffery's theory [16] ,
where φ is the inclination angle between the major axis of the prolate spheroid and the y direction, and φ 0 its initial value; here φ 0 = π/2 since the prolate spheroid is initially By further increasing the initial angle α of the prolate spheroid off the x axis, we observe that for an arbitrary α, the orbit of the prolate spheroid evolves towards the symmetric tumbling in the x-y plane regardless of the initial orientation. This shows that the in-plane symmetric tumbling is the globally stable state for the prolate spheroidal capsules in the parameter regime considered.
C. Dynamics of curved prolate spheroids
In this section, we perform a systematic investigation of the dynamics of curved prolate spheroids at low Ca as described in Section II A. We first examine the early-stage dynamics (FIG. 7(d) ).
The early-stage dynamics of the curved prolate capsules described above, however, are all found to be long-lived transients. FIG. 9 shows the long-time (γt > 800) trajectories of the p vector of curved prolate capsules with different initial orientations on the unit sphere.
The long-time dynamics of the capsules, regardless of their early-stage orbits, all evolve into a quasi-periodic kayaking motion that might be described as a "modulated Jeffery orbit".
This long-time motion is independent of the initial orientation of the capsules, as indicated by the nearly identical trajectories of p on the unit sphere (FIG. 9) . Qualitatively, these orbits have a fast time scale corresponding to one cycle of kayaking, with a much longer time scale describing a slow modulation of the orbit. Each kayaking cycle is slightly different than the previous, a fact that can be attributed to the dynamics of n, which are coupled to those In the parameter regime considered here, we have seen no evidence of drift in the y ("wall normal") direction. This is in contrast to the observations of [24] for curved rigid fibers in the "flipping and scooping" regime; we believe the difference arises from the modest aspect ratios considered here, which are much smaller than those studied by [24] . We do, however, observe a transient phase of spanwise drift in the case of the capsule initialized to perform a sideways tumbling motion. This vanishes once the cell reaches its long-time orientational trajectory. Although there is no drift at long time, both the y and z components of the center of mass oscillate as the cell kayaks. the black curve in FIG. 11 . For a true Jeffery orbit of a rigid particle, the relation between the two angles φ and θ is given by
where C and are the orbit constant and aspect ratio for the rigid spheroid. We have found that in all cases considered here, we can approximate with good accuracy the curveθ(φ) as a Jeffery orbit for a spheroid with an effective orbit constant C eff and effective aspect ratio 
The black circles in FIG. 11 show this approximation for Ca = 0.12, K = 0.36.
We have computed long-time trajectories over a range of Ca and K and used the resulting values of C eff and eff to characterize the dynamics. These results are summarized in FIG. 12.
It is observed that eff increases weakly as K increases but shows very little dependency on Ca (FIG. 12(b) ). More importantly, C eff decreases as either Ca or K increases (FIG. 12(a) ), indicating a shift of the orbit towards log-rolling motion with increasing curvature or deformability. [1] N. Mohandas and E. Evans, "Mechanical properties of the red cell membrane in relation to molecular structure and genetic defects," Annu. Rev. Biophys. Biomol. Struct. 23, 787-818
